Abstract. A relevant application of the stochastic convex order is the well-known weighted Hermite-Hadamard inequality, where the weight is provided by a given probability distribution. Our goal is to show that, starting from such a fixed weight, we can fill the whole space between the Hermite-Hadamard bounds by highlighting some parametric families of probability distributions. Thus, we propose two alternative constructions based on the convex ordering properties.
Introduction
The paper refers to the following result of Hermite (1883) and Hadamard (1893).
THEOREM 1. If f : [a, b] → R is a convex function, then
A rich literature has been stimulated by this result. We mention here a brief selection of relevant extensions. Fejér [4] highlights in 1906 the first weighted version of (1). 
Remark that for g(x) = 1, ∀ x ∈ [a, b], we obtain the Hermite-Hadamard inequality. Another interesting generalization is due to Brenner and Alzer [2] . 
Mention that Bakula, Pečarić and Perić have recently provided an extension of Theorem 3 for positive linear functionals (see [1] ).
Fink proves in [5] a general weighted version of the Hermite-Hadamard inequality. Florea and Niculescu find in [6] a complete characterization of the measures μ satisfying the right inequality of (4) . A comprehensive treatment of convex functions can be found, for example, in [8] .
In this paper, we look at the weighted version (4) of the classical inequality of Hermite and Hadamard from the perspective provided by the stochastic convex order. This approach is mainly due to Cal and Cárcamo. Thus, in the paper [3] the weight μ is regarded as a probability measure on [a, b] and the inequalities are interpreted in terms of the convex ordering between random variables. Recently, also in [10-13, 15, 16] are studied the Hermite-Hadamard inequalities based on the convex ordering properties. Rajba [12] was the first who used the Ohlin's lemma [9] on convex stochastic ordering, to get a simple proof of some known Hermite-Hadamard type inequalities as well as to obtaining new Hermite-Hadamard type inequalities. In [12] are given some measures μ satisfying the inequality (4), as well as some generalizations of the inequality (3) .
In this context, we will prove that the majorant and the minorant in inequalities of type (4) can be respectively obtained by a continuous deformation of given probability measure μ . We think this preoccupation is instructive, helping to better understand this inequality.
Let us recall some basic notions and results on the stochastic convex order (see, for example, [14] ). DEFINITION 1. Let ξ and η be two random variables. We say that 1. ξ is smaller than η in the convex order (denoted by ξ cx η ) if
for all real convex functions f .
2. ξ is smaller than η in the increasing convex order (denoted by ξ icx η ) if
for all increasing real convex functions f .
The following theorem (see Theorem 3.A.1 in [14] ) establishes an useful criterion for the convex order and the increasing convex order. THEOREM 5. Let F and G be the survival functions of the random variables ξ and η , respectively, that is F(t) = P{ξ > t} and
For a random variable ξ , with values in [a, b], let us denote:
In [3] the inequality (1) is written as 
holds for all convex functions f : K → R.
In this paper, we will develop the treatment of the weighted Hermite-Hadamard inequalities in the frame of convex order.
Main results
In the following, we will consider a real interval 
The corresponding survival functions of ξ 0 and ξ 1 are
respectively. For an integrable function f :
Also, note that the two random variables have the same mean m and
In fact, we have a specific formula for the mean of [a, b]-valued random variables.
LEMMA 1. Let ξ be a random variable taking the values in the interval
Integrating by parts, we find
Since F(a) + F(a) = 1 , we obtain the conclusion. Now, we can adapt Theorem 5 to the case of random variables with values in a given interval. 
G(x)dx , for all t ∈ (a, b).
Proof. According to our hypothesis and Lemma 1, we find
On the other hand, we have
Then, applying Theorem 5, we obtain the conclusion.
A significant consequence of the above lemmas is the following probabilistic version of Theorem 4.
THEOREM 7. For a random variable ξ taking values in [a, b], with the mean
In particular, if ξ has a density function p :
for any convex function f :
Proof. Based on Lemma 1 and Lemma 2, it suffices to show
. Since the function F is nonincreasing, we have
and we obtain (10) . This completes the proof. REMARK 1. Using the Ohlin's lemma [9] , Rajba [11] gave an alternative very simple proof of Theorem 7. The Ohlin's lemma is also used to study inequalities of the Hermite-Hadamard type in the papers [10, 13, 15, 16] . In the papers [10, 15, 16] , furthermore, to examine the Hermite-Hadamard type inequalities is used the Levin-Stečkin's theorem [7] (see also [8] ), as well as Lemma 2 [10] , which is some modification of the Levin-Stečkin's theorem. The Levin-Stečkin's theorem [7] as well as Lemma 2 in [10] give necessary and sufficient conditions for the stochastic convex ordering. Moreover, for random variables with values in some closed interval, from the Levin-Stečkin's theorem [7] it follows Theorem 5. 
can be "filled" by considering an associated family (ξ λ ) λ ∈[0,1] of random variables which is totally ordered with respect to the stochastic convex order. 
where
and
Observe that p 1/2 = p . Moreover, the definition (13) can be even applied for λ = 1/2 . The significance of the family of functions (p λ ) λ ∈(0,1) introduced in Definition 2 is highlighted by the following lemma. Proof. Clearly, p λ is integrable on [a, b] for λ ∈ (0, 1). Assume λ ∈ (1/2, 1). We have
In addition, from (11), we obtain
The mean of p λ is given by
For λ ∈ (0, 1/2), we find Based on the above construction of the family of density functions (p λ ) λ ∈(0,1) (Definition 2), we will formulate the main result of this paper. 
is a continuous nondecreasing function on [0, 1] , with the image
Here, "
→ " denotes the convergence in distribution.
Proof. For λ ∈ [0, 1], let us denote by F λ and F λ the distribution function and the survival function of ξ λ , respectively.
1. We have to show lim
4. Theorem 7 ensures ξ 0 cx ξ λ cx ξ 1 , for all λ ∈ (0, 1). Then, we have only to establish the convex ordering between ξ λ and ξ μ for 0 < λ < μ 1/2 and for
In the first case, 0 < λ < μ 1/2 , we obtain
. Thus, after some calculations, we find
Therefore, according to the sign of the derivative, ϕ is nondecreasing on the interval [0, m] and nonincreasing on the interval
In the second case, 1/2 λ < μ < 1, we have
Hence, ϕ is nondecreasing on the interval [0, v λ ] and nonincreasing on the interval
As follows, for 0 < λ < μ < 1, we have 
The function f is then bounded on [a, b] and continuous on (a, b) . Clearly, we have Proof. Let F and G be the distribution functions of ξ and η , respectively. From Lemma 1 and considering Definition 3 we obtain
We also have
The inequality ξ icx η implies
From Definition 3 F , we obtain Since F has at most a finite number of discontinuity points, we obtain after some calculations 
From (17), (19) and Lemma 2 we deduce ξ cx η.
Finally, we apply our last construction to obtain new results of Hermite-Hadamard type. We obtain an alternative of Theorem 8. The proof is based on Theorem 9. The details are ommited.
